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Abstract. To a closed connected oriented surface S of genus g and a nonempty 
I finite subset P of is associated a simplicial complex (the arc complex) that plays a 

■ basic role in understanding the mapping class group of the pair (S,P). It is known 

that this arc complex contains in a natural way the product of the Teichmiiller space 
of {S, P) with an open simplex. In this paper we give an interpretation for the whole 
arc complex and prove that it is a quotient of a Deligne-Mumford extension of this 
^ ■ Teichmiiller space and a closed simplex. We also describe a modification of the arc 

I complex in the spirit of Deligne-Mumford. 

o 

(N 

'nI" ! Introduction 
^ ■ 

Given a closed connected oriented differentiable surface S of genus g and a finite 
Q I nonempty subset P of S, then the mapping class group r{S, P) of this pair is 
2^^' the group of isotopy classes of sense preserving diffeomorphisms of S that fix S 
pointwise. Harer proved in a series of papers some remarkable properties of the 
cohomology of the r(5', P) (see [4] for an overview). In this work a central role is 
played by various simplicial complexes with an action of an appropriate mapping 
' class group that have in common the property that stabilizers of simplices look 
^ ■ like simpler mapping class groups. The complex depends on the context, but in all 
cases it can for a suitable pair (5", P) be identified with a subcomplex of the arc 
complex A{S,P). That complex is defined as follows: the vertices of A{S,P) are 
ambient isotopy classes relative P of embedded unoriented nontrivial loops and arcs 
in S that connect two (possibly identical) points of P and avoid all other points 
of P (where a loop is considered trivial if it bounds an open disk in S — P) and 
finitely many such vertices span a simplex if we can respresent them by loops and 
arcs which do not meet outside P. We note that there is a piecewise linear map 
A from A{S,P) to the simplex Ap spanned by P characterized by the property 
that it sends a vertex represented by an arc (resp. a loop) to the barycenter of the 
1-simplex of Ap spanned by its end points (resp. the vertex of Ap representing the 
base point). 

An important property of this complex is that its interior can be identified with 
the product of the Teichmiiller space %{S,P) of the pair {S,P) (i.e., the space 
of isotopy classes relative P of conformal structures on 5") and the open simplex 
Ap. We may therefore regard A{S,P) as an extension of T(S', P) x Ap. In the 
applications alluded to there was no apparent need to know what this extension 
actually represents, and that may have been the reason that question received little 
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attention. (An exception is the paper by Bowditch and Epstein [1] about which 
we shall say more below.) The situation changed with Kontsevich's work on a 
conjecture of Witten [6], where it became essential to interpret the part of A{S, P) 
of lying over Ap. In this article Kontsevich states the answer but omits a proof. 
The present paper grew out the desire to supply one and one of our main results now 
interprets all of A{S, P) in terms of the Deligne-Mumford compactification of the 
moduli space := r(5', P)\%{S, P). For a precise statement we refer to theorem 
(8.6). Suffice here to say that for every nonempty subset Q of P we describe a 
quotient space Kq^JI^ of the Deligne-Mumford compactification of DJtg and for 
every inclusion Q C Q' a quotient map KqdRg — > Kq'DJlg such that the geometric 
realization of the associated simplicial space over Ap can be identified with the 
orbit space T{S, P)\A{S, P). In particular, T{S, P)\A{S, P) is a quotient of the 
product of the Deligne-Mumford compactification and Ap. We suspect that the 
compactifications KqdJtg and the maps between them can be constructed in the 
category of projective varieties and morphisms so that r(5', P)\A{S, P) becomes the 
geometric realization of a simplicial object in this category. We state the relevant 
conjectures in (3.3) 

An intermediate result of our proof is a combinatorial description (11.5) of (a 
thickened version of) the Deligne-Mumford compactification. More precisely, we 
equivariantly blow up A{S, P) in a certain manner over its boundary (in the PL- 
category) to get a cell complex of which the orbit space naturally maps to 9Jl^ x Ap 
with fibers products of simplices (or finite quotients thereof). This description 
may be helpful in determining which of the cohomology classes that Kontsevich 
introduced in extend to A paper by Milgram-Penner [7] alludes to a 

combinatorial construction of the Deligne-Mumford compactification (for the case 
that P is a singleton), but it is not clear to us whether what these authors have in 
mind coincides with our construction. 

The article by Epstein and Bowditch mentioned above came to our attention 
after this paper was essentially completed. It also gives an interpretation of the 
arc complex, but in this it differs from ours in two respects. First, it takes the 
hyperbolic point of view (which gives rise to a different embedding of thickened 
Teichmiiller space in the arc complex) and second, our description is solely in terms 
of the Deligne-Mumford compactification. (For these reasons it is not clear to us 
whether it could take care of Kontsevich's assertion.) We adopted their term arc 
complex and we adapted our notation a little in order to avoid too blatant clashes 
with theirs. 

The plan of the paper is as follows. The first seven sections are intended to have 
to some extent the characteristics of a review paper and were written with a non- 
expert reader in mind. Yet they do contain results that we have not found in the 
literature. In the first section we collect facts about the Teichmiiller spaces. The 
next two sections deal with certain extensions of them: we describe a boundary for 
Teichmiiller spaces in the spirit of Harvey based on the Deligne-Mumford compact- 
ification and we introduce the quotients of the Deligne-Mumford compactification 
alluded to above. In section 4 we discuss some properties of the complex A[S^ P). 
The next two sections we introduce metrized ribbon graphs and explicate the re- 
lationship between this notion and the complex A{S,P). In section 7 we invoke 
the fundamental results of Strebel, culminating in theorem (7.5). The subsequent 
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that are parametrized by the points of A{S, P). Our first main theorem (8.6) is also 
stated there, but its proof is postponed to the last section. The remainder of the 
paper is mostly concerned with the combinatorial versions of notions related to the 
Deligne-Mumford compactification. In section 9 we introduce stable ribbon graphs 
of which we claim that it is the combinatorial analog of the notion of a stable curve. 
This is justified in section 10, where we show that a metrized stable ribbon graph 
can be obtained as the limit of a one-parameter family of ordinary metrized ribbon 
graphs. In the final section 11 we construct the modification A{S,P) mentioned 
above and prove our second main theorem (11.5), namely that this modification is 
essentially a thickened Deligne-Mumford extension of T(5', P). Once this has been 
established, the proof of our first main theorem is easily completed. 

Acknowledgements. I thank K. Strebel for help with the proof of (7.5), S. Wolpert 
and J. KoUar for correspondence regarding (3.3) and A.J. de Jong for the observa- 
tion mentioned in (3.2). 

Throughout this paper S stands for a compact connected oriented differentiable 
surface, g for its genus, and P for a finite nonempty subset of S. Therefore we 
often suppress {S, P) in the notation and write F, A, . . . . We assume that S — P 
has negative Euler characteristic, which amounts to the requirement that ii g — 
then |P| > 3. 

1. Teichmuller spaces 

(1.1) If T is an oriented 2- dimensional vector space, then a conformal structure 
on T determines an action of the circle group ^7(1) on T and in this way T acquires 
the structure of a 1-dimensional complex vector space. Clearly, the converse also 
holds. Thus, to give the oriented surface S a conformal structure is equivalent to 
give its tangent bundle the structure of a complex line bundle. Such a structure 
comes from a (unique) complex-analytic structure on /S, so that S becomes a Rie- 
mann surface. By the uniformization theorem, its universal cover will be isomorphic 
to the upper half plane. A conformal structure on S is given by a section of a fiber 
bundle whose fibre is the open convex subset in the vector space of quadratic forms 
on defined by the positive ones. The C°°-topology on this space defines a topol- 
ogy on the set Conf(5') of conformal structures on S. (It also has a compatible 
structure of a convex set, so that Conf(S') is contractible.) 

Let Diffeo+(S;P) denote the group of sense preserving diffeomorphisms which 
leave P pointwise fixed, and let Diffeo°(S', P) denote its identity component. Its 
"group of connected components" , 

r := Diffeo+(^, P)/Diffeo°(5, P), 

is the mapping class group of (5", P). In this definition we may replace diffeomor- 
phism by homotopy equivalence (relative P) or all natural choices in between such 
as PL-homeomorphism, quasiconformal homeomorphism or plain homeomorphism: 
we still get the same group. Clearly, Diffeo+(S', P) acts on the space of conformal 
structures on S. The orbit space with respect to its identity component: 

1:=DiffeoO(>5, P)\Conf(5) 

is called the Teichmuller space of {S,P). It comes with a natural action of F. If 

„„u„j.;j.„j.„ e — ri — cra\ — .„ „ — c — ™„i „j- .i- ;„J,,„; , 
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quasiconformal structure underlying the given differentiable structure and replace 
DifFeo by the group of quasiconformal homeomorphisms of S , then the result is 
the same. For many purposes this is actually the most useful characterization. 

The Fenchel- Nielsen parametrization shows that T is homeomorphic to an open 
disk. There is even a natural F-invariant complex-analytic manifold structure on X; 
if t e X is represented by a Riemann surface C which underlies S, the tangent space 
at t is identified with H^{C, 9c{—P)), where 9c is the sheaf of holomorphic vector 
fields on C. The action of F on T is properly discontinous and F has a subgroup 
of finite index acting freely (for instance, the kernel of the representation of F on 
i/i(C;Z/3)). This implies that the orbit space 

9Jlf := F\1 

is in a natural way a normal analytic space with only quotient singularities. 

(1.2) We can give T an interpretation as a moduli space: let us first define an P- 
pointed Riemann surface (C, x) as a Riemann surface C together with an injection 
X : P "-^ C such that the automorphism group of the pair (C, x) is finite. Say 
that such an P-pointed Riemann surface (C, x) is (5", P) -marked if we are given an 
sense preserving quasiconformal homeomorphism (henceforth abbreviated as q.c- 
homeomorphism) f : S ^ C which extends x, with the understanding that two 
such homeomorphisms define the same marking if they are q.c.-isotopic relative 
P. Clearly, these markings are permuted in a simply-transitive manner by the 
mapping class group F. An isomorphism of marked P-pointed Riemann surfaces 
(C, X, /), {C, X, f) is given by an sense preserving q.c.-homeomorphism h : C ^ C 
with hx = x' such that hf is q.c.-isotopic to /' modulo P. Now ^{S, P) can be 
thought of as the space of isomorphism classes of {S, P)-marked Riemann surfaces. 
So OJt^ := F\T(5', P) can be identified with the set of isomorphism classes of P- 
pointed compact Riemann surfaces of genus g. It is a coarse moduli space which has 
a natural structure of a quasi-projective variety. Knudsen, Deligne and Mumford 
showed that there is a distinguished projective completion QJl^ C 3Jl^ by the coarse 
moduli space of stable P-pointed complex curves of genus g. (A stable P-pointed 
complex curve consists of a complete complex curve C with only simple crossings 
and an injection x of P into the nonsingular part of C such that Aut(C, x) is finite.) 
It is called the Deligne-Mumford compactification. 

(1.3) Let G — F/Fi be a finite factor group of F and put 

m^[G] := FAX. 

Then we have a ramified G-covering ttq ' M^[G] . The rational cohomology 

of Wt^ is mapped by ttq isomorphically onto the G-invariants of the rational co- 
homology of 2Jl^[G]. If Fi acts without fixed point on T, then T can be regarded 
as a universal covering space of 971^ [G], and as T is contractible, this implies that 
dJl^ [G] is a classifying space for Fi . So the group cohomology of Fi is the singular 
cohomology of OJt^[G]. We get the same statement for F vis-a-vis Tig , except that 
we must use rational coefficients: 

This equality represents a gate between algebraic geometry (the left hand side) and 
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2. A BOUNDARY FOR TEICHMULLER SPACE 

We shall give X a (noncompact) boundary with corners. This is an analogue 
of the Borel-Serre compactification for arithmetic groups and first appeared in a 
paper by W.J. Harvey [6]. 

We first recall that given a smooth manifold M and a closed submanifold N C M 
with orientable normal bundle, one has defined the oriented blowing-up 

TT : BlAr(M) ^ M. 

This is a manifold with boundary 7t~^N. The map is an isomorphism over M — N, 
whereas 7r~^N — > N can be identified with the sphere bundle associated to the 
normal bundle (or more intrinsically, with the bundle of rays in that bundle) with 
its obvious projection onto A^. Notice that in case the normal bundle has the 
structure of a complex line bundle, 7r~^N N has the structure of a [/(l)-bundle. 

This construction generalizes in a straightforward manner to the case where 
A/" is a union of submanifolds with oriented normal bundles that intersect multi- 
transversally; in that case Bliv(M) is a manifold with corners and the fibres of tt 
are products of spheres. 

Now let (C, x) be a pointed stable curve of genus g. Let C ^ C he its nor- 
malization, denote by S C (7 the pre-image of Cging and consider the composite 
map 

For every p G Cging, f~^ip) consists of two principal U{1) homogeneous spaces. 
If we choose for every such p an anti-isomorphism of these homegeneous spaces 
and glue accordingly, then we get an oriented surface over C, S ^ C, of genus g 
such that the pre-imagc of every singular point is a circle. We shall interpret the 
conformal structure on /~^Creg as a degenerate conformal structure on S. 

The choice of the anti-isomorphism over p is the same thing as the choice of an 
anti- isomorphism between TpC and TpC" , where C and C" are the local branches 
of C at p, given up to a positive real scalar. But this amounts to choosing a 
ray in the complex line TpC (S> TpC" . If we denote that space of rays by -RpC, 
then our choices are effectively parametrized by HpeC -^p^! ^^is is a principal 
homogeneous space of the torus f/(l)'^'^'"s that we abbreviate by R{Z). 

It is well-kmown that the complex lines TpC ® TpC have an interpretation 
in terms of the deformation theory of C. Let us recall that there is a universal 
deformation 

{{C,C) ^ {B,0) ; xc : {B,0) X P ^ C) 

of (C, x) with as base smooth complex-analytic germ (S, O). Its universal character 

implies that the whole situation comes with with an action of the finite group 

Aut(C, x). The Aut(C, x) -orbit space of the base can be identified with the germ 
p 

of DJlg at the point defined by (C, x). 

Each singular point p of C determines a smooth divisor {Dp, O) in (S, O) which 
parametrizes the deformations of C that do not smooth the singularity p. The 
fiber over O of the normal bundle of Dp, TqB /ToDp, is canonically isomorphic to 
TpC ® TpC" . The divisors Dp, p G Csing, intersect with normal crossings so that 
their union D defines an oriented blowing-up: 
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The central fiber 7r~^0 is canonically identified with R{C). So over it we have a 
canonical family of surfaces of genus g. It is easily seen that this true over all of 
Bl£)(S, O), so that we get a family of oriented genus g surfaces 

S^mD{B,0). 

This family is P-pointed. 

Let B — > Bl£)(B,0) be a universal cover. Since ^\d{B^O) has the torus R{C) 
as a deformation retract, the covering group is naturally isomorphic to the funda- 
mental group of i.e., to the free abelian group generated by Cging. It is 
known that the fundamental group of C7(l)'-^'''"s maps injectively to the mapping 
class group of a fiber. So the covering transformations permute these markings 
freely. 

It also follows that 13 is contractible. If 5 ^ 5 is the pull-back of our family of 

surfaces, then is possible to mark the fibers simultaneously by means of trivialization 

S ^ S relative the given pointing. This defines a map from B — dB to %. That 

map is a homeomorphism onto an open subset of T. Now glue S to T by means 

of this map. This clearly endows T with a partial boundary with corners. This 

can be done over any neighborhood of the Deligne-Mumford compactification Tig 

and the essential uniquess of this construction ensures that the result is a manifold 

with corners X whose interior is T. By construction, X comes with a F-action that 

extends the given one on T. The construction also shows that F acts properly 

— p 

discontinuously on T and that there is a natural proper map F\'X — > Tig whose 
fibres are finite quotients of real tori. 

There is also a universal family of genus g surfaces over T. As a set, T has the 
following moduli interpretation. Let us define a stable conformal structure on S as 
being given by a closed one-dimensional submanifold L G S — P and a conformal 
structure on S — L having the property that contraction of every connected com- 
ponent of L yields a stable P-pointed curve. The set of stable conformal structures 
is acted on by Diffeo"''(S', P) and the quotient by Difi'co'^(S', P) can be identified 
with T. The following proposition is well-known and tells us when a sequence in % 
converges. 

(2.1) Proposition. Let L <Z S — P he a compact one- dimensional submanifold 

such that every connected component of S—{PUL) has negative Euler characteristic. 
Let (Jn)^i be a family of conformal structures on S with the property that {Jn\S — 
P)n converges uniformly on compact subsets to a stable conformal structure on 
S. If too denotes the corresponding element of % and tn ^% the image of Jn, then 
{tn)n converges to too- 

(2.2) In this paper, the space T will play an auxiliary role; we will be more 
concerned with a quotient T that is a kind of Stein factorization of the projection 
T — > Tlgi T is obtained by collapsing every connected component of a fiber of the 
latter map to a point. As these connected components are affine spaces (and hence 
noncompact in general), the result will not locally compact. Notice that F still acts 
on T, and that the orbit space F\T can be identified with Tig . So ^ Tig is a 
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3. Quotients of Deligne-Mumford compactifications 

We introduce certain quotients of 9Jt^ that are obtained by identifying points of 
the boundary of its Dehgne-Mumford compactification and that arise naturally in 
a combinatorial setting. One such quotient plays a prominent role in Kontsevich's 
proof of a conjecture of Witten [6]. Let us fix a nonempty subset Q of P. If (C, x) 
is an P-pointed stable curve, then the irreducible components of C which contain a 
point of Q make up a (not necessarily stable) Q-pointed curve (Cq, x\Q). The pairs 
(C, x) for which every singular point of C lies on Cq define a Zariski open subset 
Uq of 9Jl^. We define an equivalence relation Rq on Uq as follows: two P-pointed 
stable curves (C, x) and {C',x') representing points of Uq are declared to be Rq- 
equivalent if there exists an sense preserving homeomorphism h : C C such that 
hx = x' and h restricts to an analytic isomorphism of Cq onto Cq as Q-pointed 
curves. We denote its quotient space by Kq^R^ . The equivalence relation Rq has 
a natural extension Rq to OJt^ which is characterized by the property that if we 
keep both Cq and the singular points of C on Cq fixed, but allow C to acquire 
singularities outside Cq, then we stay in the same equivalence class. So Kq^^ 
may be regarded as a quotient of 9Jl^. 

(3.1) Lemma. The space KQDJlg is compact Hausdorff. It contains 37t^ as an 
open-dense subset. 

Proof. The last assertion of the lemma is easy and is stated for the sake of record 
only. The first statement is a little ambiguous since it is not clear whether we give 

KQ^lg the topology as a quotient of Uq or of Wflg . A priori, the former could 
be finer than the latter, but we will show that they are the same. Now 37t^ is 
compact and hence so is every quotient of it. It is therefore enough for us to verify 
that KQdJlg is Hausdorff as a quotient of This will be a consequence of the 
following property of the compactification 

Let [(C„, Xn)]^i be a sequence in Uq converging to [(C, x)] and suppose that all 
the terms of this sequence have the same topological type. Then the intersection of 
Cn,Q with the union of the other irreducible components of Cn is a finite subset Z„ 
of the smooth part of Cn,Q of constant cardinality. Let Z he a fixed finite set of this 
cardinality and choose for every n a bijection : Z = Z^. Then (Cn,Q, Xn\Q U Zn) 
is a (Q U Z')-pointed curve, which is easily seen to be stable. If h denotes the 
arithmetic genus of Cn,Q, then after passing to a subsequence, [{Cn,Q, Xn\Q U Zn)]n 
will converge in Wl*^^^ to some [{C*,y U z)]. The property alluded to is that 
{C*Q,y) = {CQ,x\Q). 

To complete the proof, let [(Cn,x„)]^i and [{C^, x'^)]'^=i be sequences in ^Mg 
converging to [(C, x)] and [(C, x')] repectivcly such that terms with the same index 
are i?Q-equivalent. We must show that [{C, x)] and [(C, x')] are i?Q-equivalent. 
But this is immediate from the above mentioned property. 

(3.2) Here is a simple, but perhaps instructive example. Let C be a smooth 
connected projective curve of genus g >2. Then C x C parametrizes a subvariety 
of 9Jtg°'^^. A point of the diagonal, {p,p) & C x C, represents the union of C and 
P^(C) with p E C identified with oo G P^(C) and z = 0, 1 mapping to z G P^(C). 

rn„i,; ,j-l,„;™„„„- cm{0)l} ™ ]; , ] ; „„™ j- 



8 



EDUARD LOOIJENGA 



C and retain P-'^(C) with its three points. So the composite map C x C ^ Kq^Jlg 
contracts the diagonal. As A.J. de Jong pointed out to me, this contraction can 
be obtained algebraically as the normalization of the image of the difference map 
from C X C to the Jacobian of C. The contraction can also be realized by the line 
bundle on C x C that is the pull-back of the canonical sheaf under the projection 
(Po,Pi) G — > po £ twisted by the diagonal (a positive tensor power of that 
bundle is without base points). 

(3.3) Notice that the Rq gets coarser as Q gets smaller. In particular, for 
Q C Q', there is a natural quotient mapping Kq^dJlg KgDJlg. 

In this connection we venture the following 

Conjecture 1. The quotients KQ^))l^ have the structure of a normal projective 
variety and such that the quotient map dJlg — > KqdJlg is a morphism. 

If the conjecture holds, then the natural maps KqidJlg —>■ Kg^Xftg , Q C Q', are 
morphisms, too. 

We actually expect the corresponding quotient to arise as the image under a 
certain linear system without base points. A special (but basic) case is when P = Q 
is a singleton: 

Conjecture 2. The relatively dualizing sheaf of the universal stable curve of genus 
g > 2, Wig — > ^XJlg, is semiample, i.e., a positive tensor power of it has no base 
points. 

S. Wolpert [10] has shown that the natural metric on this relatively dualizing 
sheaf has nonnegative curvature and that this curvature is nonzero in directions 
transversal to the i?i-equivalence classes. Using this one can show that under 
the assumption of conjecture 2, a a positive power of the relatively dualizing sheaf 
defines a morphism of which the fibers are the -Ri-equivalence classes. So conjecture 
2 implies conjecture 1 for the case when P = Q is a singleton. 

(3.4) These extensions have Teichmiiller counterparts: for every nonempty Q C 
P we have a F-equivariant quotient Kq% of % which contains % and for Q G Q' a 
quotient mapping Kq'% — > Kq%. 

It is useful to have a moduli interpretation for these compactifications. We first 
remind the reader that one calls a complex-analytic space weakly normal if every 
continuous complex function on an open subset which is analytic outside a divisor 
is analytic. For curves this means that every singular point with k branches is like 
the union of the coordinate-axes of C'^ at the origin. 

We make two definitions: A Q-minimal P-pointed curve of genus g consists of a 
connected weakly normal curve C, a map x : P ^ C, and a function e : C — > Z>o 
with finite support (the genus defect function) such that 

(1) x\Q is injective and its image is contained in Creg \ x{P — Q) and meets 
every connected component of that space. 

(2) The automorphism group of the triple (C, x, e) is finite (equivalently: every 
connected component of Creg \ ix{P) U supp e) has negative Euler charac- 
teristic). 

(3) g = g{C) + J2zeci'''i^) + ^(^' ~ 1)' where C is the normalization of C 

] ^//^ ~^ ;„ j-1 ™u — u .1 I ^\ 



COMPACTIFIED MODULI SPACES 



9 



The above conditions imply the existence of a continuous map f : S ^ C that 
extends x such that the pre-image of a point 2; e C is connected submanifold with 
boundary of S of genus e{z) with r(C, z) boundary components if e{z) +r(C, z) > 1 
and a singleton else. If we are given such a map up to isotopy relative P, then we 
say that the Q-minimal P-pointed curve is marked by {S, P). 

There is an obvious notion of isomorphism: two Q-minimal P-pointed curves 
(C, X, e), (C, x', e') are declared isomorphic if there exists an isomorphism h : C ^ 
C such that x'h = x and e'h = e. In the marked context we of course also require 
that h respects the markings. 

(3.5) Lemma. The isomorphism classes of (marked) Q-minimal P-pointed curves 
of genus g are in bijective correspondence with the points of Kq^Xftg (Kq%). 

Proof. We content ourselves with indicating how a Q-minimal curve (C, a;, e) de- 
termines an element of Kq^^ . Extend a; to a continuous map f : S ^ C as 
above. Let L be the boundary of /"^(CsingUsuppe). Now collapse to a point every 
component of L as well as every component of /"^(Csing U suppe) that is homeo- 
morphic to a cylinder and does not intersect P. Then {S, irx) is a stable P-pointed 
pseudosurface. The map / factors through a map f : S ^ C and the irreducible 
components of 5^ that are not contracted receive in this way a weakly normal com- 
plex structure. Extend this to a weakly normal complex structure (compatible with 
the given orientation) on S. Then we get a stable P-pointed curve C. Its image in 
KqDJI^ only depends on (C, x, e). 

We can form the simplicial scheme K,DJtg . Its geometric realization is a quotient 
of 9Jt^ such that the quotient map followed by the structure map ^ Ap 

is the projection. We shall show that is homeomorphic (over Ap) to the 

semisimplicial complex r\^ that was defined in the introduction. We look at this 
complex in more detail in the next section. 

4. The arc complex 

(4.1) We consider embedded unoriented loops and arcs a in S which connect two 
(possibly identical) points of P and avoid all other points of P. In case of a loop we 
also require that it be nontrivial in the sense that it does not bound an embedded 
disk in 5" — P. Let A denote the set of isotopy relative P of these arcs and loops. We 
endow this set with the structure of an abstract simplicial complex by stipulating 
that an (/ + l)-element subset of A defines an /-simplex if it is representable by 
arcs and loops that do not meet outside P. We denote the geometric realization 
of this complex by A. There is a piecewise linear map A from A to the simplex 
Ap spanned by P characterized by the property that it sends a vertex (a) e A 
to the barycenter of the end points of a. So if Q is a nonempty subset of P and 
Aq C Ap the corresponding face, then A~^Aq is a subcomplex of A of which the 
0-simplices may be interpreted as the isotopy classes of embedded arcs and loops 
in S — {P — Q) with end points in Q. 

We say that the simplex (ckq, ...,«/) is proper if its star is finite, that is, if it 
is contained in a finitely many simplices. This comes down to requiring that each 
connected component of 5" — Uacia is an embedded open disk which contains at 
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shall denote its complement A — A^q by A°. It is clear that A has an action of F 
which preserves both A^o and A. 

(4.2) Lemma. The group T has only a finite number of orbits in the set of sim- 
plices of A. The dimension of a proper simplex is at least 2g — 2 + \P\ and the 
dimension of every fiber of X zs G^r — 6 + 2|P| . 

Proof. The first assertion is a consequence of the fact that up to homeomorphism 
there are only finitely many compact surfaces with an Euler characteristic bounded 
from below (the details are left to the reader). 

Let a — {ao, . . . ,ai) be an /-simplex of A and let Q C P the set of points of P 
that are end point of some ax. This means that I maps the relative interior of a in 
the relative interior of Aq. If a is a proper simplex, then the formula for the Euler 
characteristic gives 

2-2g^\Q\-{l + l)+d, 

where d is the number of connected components of S — U\a\. Since every connected 
component contains at most one point of P — Q, we have d > \P\ — \Q\. It follows 
that I > 2g — 2 + \P\. If a is maximal in the pre- image of Aq, then every connected 
component of S — Uxax either is an open disk that contains precisely one point of 
P — Q and is bounded by a single member of a or contains no point of P — Q and is 
bounded by three members of a. A straightforward computation shows that then 
d — — IQI). Substituting this in the formula for the Euler characteristic 

gives l = Qg-7 + 3|g| + 2{\P\ - \Q\) = Qg - Q + 2\P\ + dim Aq. 

Example. We take for S the torus M^/Z^ and for P the origin. An element of A 
is uniquely represented by a circle which is also a subgroup of S. Such a subgroup 
is the image of a line in through the origin and another point of 7? . In this 
way we obtain an identification of A with the rational projective line P^(Q). The 
two circles defined by the relatively prime pairs of integers (xo,xi) and {yo,yi) 
define a 1-simplex iff they do not intersect outside the origin. This is the case iff 
xoyi — xiyo ±1, or equivalently, iff a; = (a;o, xi) and y = {yo, yi) make up a basis 
of 1?. Then this 1-simplex is adjacent to exactly two 2-simplices, namely those 
defined by {x, y,x + y} and {x, y,x — y}. A simplex is proper iff it is of dimension 
> 0. The geometric realization of A can be pictured in the upper half plane (with 
the vertex at oo missing) as a hyperbolic tesselation associated to a subgroup of 
the modular group of index two. 
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Let bA denote the barycentric subdivision of A. So a vertex of bA is the barycen- 
ter of a simplex a of ^ and a A;-simplex of bA is spanned by the barycenters of a 
strictly increasing chain ao < ai < ■ ■ • < ak of simplices of bA. Let denote 
the full subcomplex of bA whose vertices are the barycenters of proper simplices. 
Clearly, its geometric realization Apr can be viewed as a subset of A°. In the 
previous example we have drawn Apr with dotted lines. 

(4.3) Proposition. The fibres of \\Apr have dimension 4g ~ 4 + \P\ and there is 
a natural T-equivariant deformation retraction of A° resp. A — Ap^ onto Ap^ resp. 
Aoo which preserves the pre-image of every relatively open face of Ap under X. 

Proof. A A;-simplex of Apr is represented by a chain oq < ai < • • • < a/- of simplices 
of A with ao proper. According to the previous lemma dimao > 2g — 2 + \P\ 
and dimofe <6^ — 6 + 2|P| + dim Aq, where Q C P is the smallest subset of P 
such that A maps in Aq. So k < {6g — 6 + 2\P\ + dim Aq) — {2g — 2 + \P\) = 
Ag — 4 + \P\ + dim Aq. It is easily verified that this value is attained. 

The proof of the remaining assertions is a standard argument in the theory of 
simplicial complexes, but let us give it nevertheless, say for Apr C A°. li x E A° = 

bA — bAoo, then we can write x = Yl'i^o ^i^i with ao < ai < ■ • • < a^, > 0, and 
afc proper. Let r be the first index such that a^ is proper. Then 



and x{t) := (1 — t)x + tx' defines a deformation retraction of A° onto Apj-. 

Our goal is to construct a F-equivariant homeomorphism of A onto l-ft^.Tl which 
commutes with the given projections onto Ap. For this we first need to discuss 
ribbon graphs. 



(5.1) A ribbon graph is a nonempty finite graph in which we allow loops and 
multiple bonds, but not isolated points (in other words, a semi-simplicial complex 
of pure dimension 1), such that for every vertex we are given a cyclic order of its 
outgoing edges. 

A finite graph embedded in an oriented surface acquires naturally such a struc- 
ture. Conversely, a ribbon graph can be embedded in an oriented surface of which 
it is a deformation retract. For instance, 

This surface can be compactified by adding a finite number of points so that the 
result is a surface. 

This compactification can be obtained in a purely combinatorial way as follows. 
Let G be a ribbon graph. Denote by X{G) its set of oriented edges (so that each 
edge determines two distinct elements of X{G)). Reversal of orientation defines 
a fixed point free involution o"i in X{G). For e G X{G), let v be its vertex of 
origin, and denote by cro(e) G X{G) the outgoing edge of v that succedes e relative 
the given cyclic order. This defines a permutation ao of X{G). We define the 
permutation by the equality (TooCictq = 1. 

Denote the orbit space of ai in X{G) by Xi{G). For i = resp. z = 1 it can be 

;j — i-:ti — ] ^-^ j- — i ; — j- — ]^ — ]„ — r^. — j-„ 
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Fig. 2 Ambient surface of a ribbon graph 



Fig. 3 The operations ai 

Xoo{G) are called boundary cycles. So G can be reconstructed from X{G) equipped 
with the permutations ctq and ai. (Indeed, any nonempty finite set equipped with 
a fixed point free involution and another permutation determines a ribbon graph.) 

(5.2) Let K be the two-simplex with vertices vq, vq, Vqo with the orientation given 
by this order. The midpoint of the face {vq, vq) is denoted vi. Denote by a "bar" the 
involution of K which interchanges vq and vq and leaves Vqo (hence also vi) fixed. 
We define a semi-simplicial complex S{G) as a quotient of K xX{G) by identifying 
the oriented 1-simplices {vo,vo) x {e} with {vq,vo) x {ctic} and {vo,Vcx,) x {e} with 
{vq.Voo) X {(Toe}. 

Since the the disjoint union of the Xo{G) and Xoo(G') appears here as the set 
of 0-simplices, we will often regard these two as subsets of S{G). In what follows 
a special role is played by the 0-simplices that either belong to Xoo{G) or are a 
vertex of G of valency < 2. We shall call such points distinguished. 

We shall write for the image of K x {e} and we call it the tile defined by e. 
The full subcomplex spanned by Xq{G) can be identified with G, see the picture 
below. 

It is not difficult to see that the geometric realization of S{G) is a compact 
surface. The given orientation of K determines one of S{G) and this orientation is 
compatible with the ribbon graph structure of X{G). The surface has a piecewise 
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Fig. 4 Combinatorial construction of the ambient surface 

The image of (f 1,^00) x ^{G) is the barycentric subdivision of another ribbon 
graph, caUed the dual of G, and denoted by G*. (It is essentiaUy obtained by 
passing from {X{G); ctq, cri) to {X{G); Uoo, ci) and using a natural identification of 
S(G*) with S{G).) Observe that the edges of G* are indexed by the edges of G. 

Rem,ark. The permutations cro,c"i,croo associated to a ribbon graph F arise as 
monodromies in the following manner. Let Sq be the topological sphere obtained 
from K by identifying points on its boundary according to the involution "bar" and 
denote the image of by 2; e Sq {z = 0, l,oo). It is clear that there is a natural 
finite quotient map S{G) Sq. This map is ramified covering which branch locus 
{0, 1, 00}. The restriction to K° 5*0 is naturally identified with K° x X{G) and 
the monodromy of S{G) Sq around z G {0, 1, 00} is given by the permutation (Jz 
acting on the second factor. 

6. Metrized ribbon graphs 

(6.1) A metric on a ribbon graph is G simply a map from its edges to M>o. If 
this map has in addition the property that the total length of the graph is 1, then 
we call it a unital metric. 

A conformal structure on G is a metric on every connected component of G, given 
up to a factor of proportionality. This is of course equivalent to be given a unital 
metric on every connected component of G. We denote the space of conformal 
structures on G by Conf(G'). So for connected G, Conf(G) may be identified with 
the open simplex spanned by the set of edges of G. 

(6.2) Let r : K ^ [0, 1] be the barycentric coordinate which is 1 in v^o ^ K 
and in vq and vq and identify K — {00} with (fo,^^o) x I^>07 where the first 
component is an obvious projection and the second is given by — logr. Suppose 
that we are given a ribbon graph G with metric I : Xi{G) — > ]R>o. This determines 
a complete piecewise Euclidean metric on S{G) — Xoo{G) as follows: give [K — 
{00}) X {e} the metric which under its identification with (vq, vq) xR>o corresponds 
to the translation invariant product metric for which {vo,vo) has length /(e) and 
the second component has the standard metric. This descends to a metric on 
S{G) — Xoo{G). The complement of the vertex set of S{G) has a unique smooth 
structure for which this metric is Riemannian on that set. It is easy to check that 

;j-„ ] — 1,,; , „ — t — ™„1 „i- .J- ]„ — — ol/^\ 
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acquires a conformal structure. We denote the Riemann surface thus obtained by 
C(G, I). This Riemann surface comes with a meromomorphic quadratic differential 
qi whose absolute value gives the metric: if we identify the interior of the tile 
Ke as a metric space in the obvious way with the Euclidean rectangle {z E C : 
'^{z) > 0, |3?(^)| < |/(e)}, then this is a complex- analytic chart and the quadratic 
differential is given by dz (g) dz. One finds that qi has a pole of order two at each 
point of Xoo(G) and a zero at of order A; — 2 at each A;-valent vertex of G (so a pole 
of order one at a univalent vertex). This implies that successive outgoing oriented 
edges at a fc-valent vertex make an angle of 2ti /k. There are no other singularities 
of qi- Observe that as a piecewise- linear complex valued quadratic differential on 
S{G), qi embodies all the extra structure: the smooth structure, the metric and 
(hence) the complex-analytic structure. 

Notice that the conformal structure on S{G) only depends on the conformal 
structure on G subordinate to /. Hence we can always assume that I is unital on 
every connected component of G. 

If f is a bivalent vertex of G, then "forgetting" that vertex yields a metrized rib- 
bon graph of which the associated Riemann surface can be identified with C{G, I). 

In case of a / is a metric on a partial ribbon graph we do essentially the same 
construction where the metric on the incomplete edges should be thought of as 
having the value oo. So if e is an oriented edge without end point, then and 
are Euclidean quadrant (isomorphic to M^q) such that e corresponds to the 
positive X-axis in the former and to the positive y-axis in the latter. Again on 
verifies that the underlying conformal structure extends across the vertices so that 
we find a Riemann surface C(G, /). This time the quadratic differential qi may have 
higher order poles at the points of Xoo{G). In fact, the pole order at /? e X^{G) 
will be 2 plus the number of incomplete (unoriented) edges that occur in beta. 

(6.3) An P-pointed ribbon graph is an ribbon graph G together with an injection 
X : P ^ Xoo{G)UXo{G) whose image contains all the distinguished points. Notice 
that in that case every connected component of S{G) — x{P) has negative Euler 
characteristic: this is because S{G) — Xoo{G) admits G as a deformation retract 
and every connected graph which is contractible (resp. a homotopy circle) has at 
least two (resp. one) vertices of valency at most 2. 

Let (G, x) be an P-pointed ribbon graph. If s is an edge of G which is neither 
isolated nor a loop, then collapsing that edge yields a ribbon graph G/s. It inherits 
an P-pointing iff not both of its vertices are in the image of P. The corresponding 
surface S{G/s) is obtained as a quotient of S{G) by collapsing the two tiles defined 
by s according to the level sets of r. We call this an edge collapse. 

If s is a non-isolated loop, and for some orientation e of s, e is by itself a boundary 
cycle, then it is still true that G/s is a ribbon graph. In this case, G/s inherits a 
P-pointing ifand only if the vertex of s is not in the image of P. The surface S{G/s) 
is then obtained by collapsing Kg to a point (a total collapse) and by applying an 
edge collapse to the opposite tile i^aie- 

In either case the quotient map S{G) S{G/ s) has in its homotopy class relative 
P a unique isotopy class relative P of q.c.-homeomorphisms. 

We can apply these two procedures successively to a collection Z of edges of G 

:e ] — u. :c „ .j- — ] „„™ j- „ ]; , „,,u„ v. ^ 



COMPACTIFIED MODULI SPACES 



15 



is 

(1) either a tree with at most one marked vertex or 

(2) a homotopy circle without marked vertices which contains an entire bound- 
ary cycle of G. 

We then say that Z is negligible. So if Z is negligible and G/Gz is the semi- 
simplicial complex obtained by collapsing every connected component of Gz to a 
point, then G/Gz has still the structure of a ribbon graph pointed by P and the 
corresponding surface S{G/Gz) can be obtained by means of a succession of edge 
collapses and contractions of the tiles labeled by the oriented edges in Z. The 
quotient map S{G) — > S{G/Gz) determines an isotopy class relative P of sense 
preserving q.c.-homeomorphisms S{G) S{G/Gz)- 

An almost-metric on G is a function / : Xi{G) ]R>o whose zero set Z is 
negligible. It is clear that I then factorizes over a metrized ribbon graph G/Gz 
with metric (still denoted) I and we define C(G, I) simply as C{G/Gz, I)- We have 
a corresponding notion of an almost- conformal structure. 

Denote the space of unital almost-conformal structures on (G, x) by Aconf (G, x). 
It is clear that for a negligible Z C Xi(G), we have a natural embedding of 
KconiiG / G z 1 x) in Aconf(G, x). 

(6.4) We now assume that G is a connected ribbon graph. Over Conf(G) lives a 
"tautological" topologically trivial family of metrized graphs and a corresponding 
family of Riemann surfaces. We extend the latter as a family of pseudosur faces; in 
section 8 we give each of its fibers the structure of a weakly normal curve. 

The family appears as a factor of the projection S{G) x a(G) — > a(G) and is 
defined as follows. Any edge s of G determines by definition a vertex of a(G). The 
codimension-one face opposite this vertex is identified with a{G/s) and for each 
orientation e of s, we apply an edge collapse to x a{G/s) relative its projection 
onto a{G/s). Likewise, every boundary cycle /? of G determines a face a{G/Gi3) of 
a(G) and we perform a total collapse on the tiles Ke x a^G/Gp) relative aiG/Gp) 
with e E 13. The result is a semisimplicial space C(G) that comes with a projection 
ttg : C(G) ^a(G). 

Over / G Conf(G) the fiber is the surface S{G)\ it has a conformal structure 
which makes it canonically isomorphic to G(G, I). That last fact is still true in case 
/ G Aconf(G). The fiber C{G)i over an arbitrary I G a(G) is gotten as follows. Let 
Z C Xi{G) be the zero set of / and let S{G)z be the quotient of S{G) obtained by 
performing for every oriented edge e of Z a contraction or an edge collapse on Kg, 
depending on whether or not the boundary cycle of G generated by e is contained 
in Gz- Then C(G)/ can be identified with S{G)z- We will see in section 8 that 
S{G)z is a pseudosurface and that C{G)i has a natural conformal structure on its 
smooth part given by quadratic differential. (This conformal structure determines 
a unique complex-analytic structure such that C{G)i is weakly normal.) 

(6.5) We conclude this discussion with a few remarks. 

Every element of Xq{G) U Xoo{G) determines a section of C(G) — > a{G). Those 
that are indexed by P are disjoint over Aconf(G). 

One can show that the complement of the sections defined by the elements of 
Xo(G) UXoo(G) has a natural smooth structure. (To see this, use an atlas naturally 
indexed by the elements of Xi{G) U X^{G).) The conformal structures along the 
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7. Moduli spaces 

(7.1) We say that a ribbon graph G is (5, P)-marked (or briefly, marked) if we 
are given a given isotopy class relative P of sense preserving q.c.-homeomorphisms 
f S{G) such that f\P defines a P-pointing of G: f maps P to Xoo{G)UXo{G) 
and its image contains the distinguished points. It is clear that G permutes the 
markings. 

(7.2) We claim that a marked ribbon graph is the same thing as a proper simplex 
of A. Let f : S = S{G) be a marking. Regard the dual ribbon graph G* as lying on 
S{G). Then the pre-image of every edge of G* under / connects two points of P and 
therefore the collection of these determines a simplex a{G, /) of A. A connected 
component of S — G* is given by a vertex of G; it contains one or no point of P 
depending on whether this vertex is marked by P. If the vertex is unmarked it has 
valency A; > 3 and the connected component is A;-gon. So distinct edges of G* yield 
distinct vertices of a(G, /) and a(G, /) is a proper simplex. We also notice that 
the space of unital metrics Conf(G) may be identified with the relative interior of 
a{G, /); we shall therefore denote that relative interior by Conf(G, /). 

Conversely, if a = {ao, ...,«/) is a proper simplex of A, then the union of the 
CK^'s define a ribbon graph Ga on S with vertex set contained in P. It is easily seen 
that the inclusion Ga C S extends to a q.c.-homeomorphism S{Ga) — > S such that 
XooiGa) is mapped in P. If we identify S{Gl) with S{G, S), then we see that Ga 
has in a natural way the structure of a marked ribbon graph. 

We remark that Conf(G, /) has maximal dimension iff all vertices of G are 
trivalent (so that P maps bijectively onto the set boundary cycles of G). 

(7.3) Lemma. Let a be a proper simplex of A as above with associated marked 
ribbon graph {G,f). Let Z C Xi{G) be a set of edges of G and let a{G/Gz) be 

the codimension \Z\ face of a opposite the face defined by Z. Then Z is negligible 
if and only if a{G/Gz) is proper and in that case S(G/Gz) inherits an marking 
(denoted f /Z). 

Proof. It is enough to show this in case Z has only one element and this we leave 
to the reader. 

So given a marking /, then the space of unital almost-metrics Aconf(G, /|P) 
may be identified with \a{G, f) \ fl A° . We denote the latter by Aconf(G, /). 

The restriction of A : A — Ap to Aconf(G, /) has the following simple de- 
scription: for p e P the corresponding barycentric coordinate \p is in case f{p) 
corresponds to a boundary cycle, half the length of that cycle and it is zero other- 
wise. 

Remember that every proper simplex of A is of the form a(G, /) and that over 
such a simplex we have defined in section 6 the family C{G) — » a{G,f). As each 
inclusion of proper simplices is canonically covered by an inclusion of the corre- 
sponding families, this gives us a global family tt : C ^ A. This family comes with 
sections labeled by P. 

Summing up: 

(7.4) Proposition. The set of points of A° is naturally interpreted as the set 

isomorphism classes of marked ribbon graphs endowed with a unital metric. It is 
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image in Aconf(G, /) for every negligible Z C Xi{G). Moreover, A supports a 
family tt : C ^ A of weakly normal curves with sections indexed by P. Over A° 
these sections are disjoint, the family is locally trivial with fiber S and each fiber 
comes with a complex structure which varies continuously with the base point. 

In the next section we shall discuss the fibers over A^o. 

The family tt restricted to A° defines a classifying map $ : A° ^ X. This map 
is continuous and clearly F-equi variant. The following theorem is a rather direct 
consequence of the work of Strebel. 

(7.5) Theorem. The map 

*° := ($,A) :^°^Xx Ap 

is a homeomorphism. 

The observation that Strebel's work leads to theorems of this type is due to 
Thurston, Mumford and Harer [3]. (We did not come across this version, though.) 

For the proof we must discuss Jenkins- Strebel differentials first. Let R he a, 
Riemann surface. If g is a meromorphic quadratic differential on R, then at each 
point p of R where q has neither a zero nor a pole the tangent vectors at p on 
which q takes a real value > form a real line in T^C. This defines a foliation 
on R minus the singular set of q. If the union of the closed leaves of this foliation 
is dense in R, then q is called a Jenkins- Strebel differential. Suppose q is such a 
differential. Then a local consideration shows that q has no poles of order > 2 
and that the double residue at a pole of order 2 is a negative real number. The 
form q determines a Riemann metric \q\ on the complement of the singular set of 
q. This metric is locally like \dz\'^ and hence flat. The union K of the non-closed 
leaves and the singular points of q of order > — 1 is closed in R. It is an embedded 
graph with a singularity of order k being a vertex of valency /c -|- 2; it is called the 
critical graph of q. Each connected component of the complement of K is either a 
flat annulus (metrically a flat cylinder) or a disk containing a unique pole of order 
two (metrically outside this pole a flat semi-infinite cylinder) or a copy of C — {0}. 

Suppose that R is the complement of a finite subset of a compact Riemann 
surface C. Then q is also a Jenkins-Strebel differential on C and the closure K of 
K in C is an embedded graph. (When C has genus zero it may happen that this 
closure becomes a closed orbit on C, so K may depend on R. It can be shown 
however, that this is the only such case.) Clearly, K has the structure of a ribbon 
graph. Notice that q defines a metric on it. 

(7.6) Theorem. (Strebel) Let [C, x) be a compact connected P -pointed Riemann 
surface such that is not the two-pointed Riemann sphere and let X E Ap. Then 
there exists a Jenkins-Strebel differential q on C with the property that the union 
of the closed leaves of q form semi-infinite cylinders around the points of x{p) with 
^(p) ^ ((^f circumference X{p)) and the points x{p) with \{p) = lie on the 
critical graph of q. Moreover, such a q is unique. 

Proof. Denote by Q C P denote the zero set of A and put Q' := P — Q. If \Q'\ > 2, 
then the asserted properties follow from Theorem 23.5 of [9] applied to the Riemann 
surface C — x{Q) with circumferences given hj p E Q' ^{p)- (The fact that q 

;ii 1 „j- ;„j-„ r\ ] — \ i c ™ j; — . ; — „u ^ t„ 
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case Q' is a singleton {p}, then Theorem 23.2 of [9] imphes that there is Jenkins- 
Strebel differential onC — x{Q) for which all the closed leaves belong to the cylinder 
about p. This differential is unique up to a positive real scalar factor and hence the 
theorem follows in this case, too. 

We shall refer to A as a circumference function of (C, x) , the name being sug- 
gested by the above theorem. So such a function determines a mctrized ribbon 
graph {G\, l\) in C (denoted by K in the discussion above). Notice that if \{p) — 0, 
then x{j>) is a univalent vertex or an interior point of an edge of G\; if A(p) ^ 0, then 
x{p) defines a boundary cycle of Gx. Moreover, all univalent vertices and bound- 
ary cycles of G\ are thus obtained. In other words, G\ is in a natural manner an 
P-pointed ribbon graph. The associated P-pointed curve C{G\^l\) is canonically 
isomorphic to (C, x): this is clear on the complement of the union of x{P) and the 
vertex set of G\. Hence it is true everywhere. 

Proof of (7-5). The above discussion shows that has a unique inverse, in other 
words, that it is bijective. Since is continuous and has locally compact domain 
and range, it must be a homeomorphism. 

(7.7) Corollary. (Harer [3]) For nonempty P, the moduli space has the ho- 
motopy type of a finite semi-simplicial complex of dimension < Ag — A ^ \P\. In 
particular, 9Jt^ has no homology or cohomology in dimension > Ag — 4+ \P\. 

Proof. Choose p & P and regard p as a vertex of Ap. Then T is by (7.5) equivari- 
antly homeomorphic to X~^{p) n A°. Now apply (4.3). 

8. Minimal models 

In this section we introduce a combinatorial analogue of a Q-minimal P-pointed 
curve. Here (G, x) is a connected marked ribbon graph. 

(8.1) We say that a set Z of edges of G is semistable if no component of Gz is 
the set of edges of a negligible subset and every univalent vertex of Gz is in the 
image of x. Then every component of Gz which is contractible contains at least 
two vertices in x{P). A component which is a homotopy circle without a vertex in 
x{P) is necessarily a topological circle which is not a boundary cycle of G. It is 
clear that every subset Z C Xi{G) has a maximal semistable subset Z^^^. Notice 
that Z^^^ — Z is a. negligible subset of Xi{G) so that if we put G' := G/Gz^^^^^-z, 
then S{G') is q.c.-homeomorphic relative P to S{G). We sometimes regard G^sst 
as a graph on S{G'), so that with this convention G/Gz = G' /G'^^^t- 

(8.2) Let be given a proper subset Z of Xi{G). We can associate to Z two 
ribbon graphs: one with edge set Z and another with edge set Xi{G) — Z. In 
the first case we give Gz an induced structure of ribbon graph by telling how the 
corresponding operator ctq acts on X{Gz)'- it sends e e X{Gz) to the first term of 
the sequence (ctq (e))A;>i which is in X{Gz)- The second case is in a sense dual to 
the first: we define a ribbon graph G/Gz with Xi{G) — Z as its set of edges and 
the corresponding operator a^o sends e G X[G) — X{Gz) to the first term of the 
sequence (c"^(e))fe>i which is not in X{Gz)- This ribbon graph naturally maps 
onto a subgraph of G, but this map need not be injective as it may identify distinct 
vertices of G/Gz- 

A vertex of G/Gz that is in the image of an oriented edge in Z'^^^ will be called 
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a boundary cycle of G (and vice versa), reason for us to call such boundary cycles 
exceptional also. 

(8.3) Lemma. There is a natural identification mapping of S{G/Gz) — > S{G)z- 
This map identifies two distinct points if and only if both are exceptional vertices of 

S{G/Gz) that come from a boundary cycle of the same component ofGz^^^- In par- 
ticular, S{G)z is a pseudosurface whose combinatorial normalization is S{G/Gz)- 
Moreover, every distinguished point ofG/Gz comes from a distinguished point of 
G or is exceptional. 

Proof. Straightforward. 

In this situation we have a genus defect function e : S(G)z ^>o which assigns 
to the image of an exceptional vertex the genus of the corresponding component of 
S{GzBBt) and is zero else. 

(8.4) Choose an I e a{G). In (6.4) we constructed a map ttg : C{G) a{G) and 
we noticed that that the fiber over I, C{G)i, can be identified with S{G)z, where Z 
is the zero set of I. Since I determines a unital metric on G/Gz, we have a Riemann 
surface C{G/Gz, I) with underlying space S{G/Gz)- We use the previous lemma to 
give C{G)i the unique complex-analytic structure for which C{G)i is weakly normal 
and C{G/GzJ) ^ C{G)i is its normalization. 

(8.5) Proposition. Let Q be the set of p E P that map to a boundary cycle of G 
of positive length. Then {Q,e,P — > S{G) C{G)i) give C{G)i the structure of a 
Q-minimal P-pointed curve. 

Proof. We verify the defining properties of (3.4). The property for p e P to belong 
to Q is equivalent to x{p) G Xoo{G/Gz)- The first property now follows. For the 
second we must show that S{G/Gz) — X^{G/Gz) — {exceptional vertices} has 
negative Eulcr characteristic. But this follows from the fact that this is (by (8.3)) 
just the complement of the set of distinguished points on G/Gz- The verification 
of the third property is left to the reader. 

Suppose we are given a marking / of G that extends the pointing by x. This 
determines a marking of C{G)i by {S,P). In view of the moduli interpretation 

(3.5) , the structure present on C{G)i determines a point of Kq%. By letting I vary 
over the elements of a{G,f), we thus obtain a map a{G,f) \K»'^\ commuting 
with the given maps of domain and range to Ap. For a negligible edge s of G 
the restriction of this map to a{G/ s, f / s) coincides with the one defined for that 
simplex. This results in an F-equivariant map : A ^ We can now state 
our first main result. It gives an analytic interpretation of A: 

(8.6) Theorem. The map : A ^ <^ T-equivariant continuous bisection 
that commutes with the given maps to Ap. 

The main difficulty is to show that is continuous. We postpone the proof to 

a point where we have treated the combinatorial version of the Deligne-Mumford 
compactification. The reader may wonder whether \1/ is a homeomorphism. The 
answer is that it is not, as is illustated by the case g — 1, P a, singleton: then 
\K,%\ is the union of the upper half plane and P^(Q). Near oo it has the horocyclic 
topology but the topology it receives from its triangulation is much finer: a subset 
of the upper half plane is the complement of a neighborhood of oo if and only if its 
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9. Stable ribbon graphs 

Here we introduce the ribbon graph analogue of a stable P-pointed curve. That 
our definition is the natural one may not be immediately obvious, but that this is 
indeed the case will become apparent in the discussion following the definition and 
in section 10. 

(9.1) Suppose we are given a ribbon graph G and an injection a; : P — > Xq{G) U 
Xoo{G). We no longer assume that x{P) contains the set of distinguished points of 
S{G), but instead we suppose given a subset S C Xo{G) U Xoo{G) which contains 
both x{P) and the distinguished points of G and an involution l on the complement 
T, — x{P). We define inductively the order oi a connected component of G as follows: 
a connected component is of order zero if it contains a point of x{P) fi Xoo(G); a 
connected component has order < A; + 1 if it contains a distinguished point p such 
that i{p) lies on a component of order < k. 

We say that {G, x, t) is a stable P-pointed ribbon graph if 

(1) every component has an order and 

(2) for every p G Xoo{G) on a component of order k > 0, i{p) is on a component 
of order k — 1. 

(So in the situation (2) we must have L{p) e Xo{G).) 

(9.2) A stable P-pointed ribbon graph {G,x,i) determines a stable P-pointed 
pseudosurface {S{G, l),x): it is obtained from the surface S{G) by identifying the 
points (of Tj — x{P)) according to the involution l. If this surface is connected, then 
it has a genus g characterized by the condition that 2 — 2^ is the Euler characteristic 
of the smooth part of S{G, t). 

We have seen that a conformal structure I on G determines a conformal structure 
on S{G) so that we have a compact Riemann surface C{G, I). This in turn, deter- 
mines a weakly normal complex-analytic structure on S{G, l). With that structure, 
{S{G,i),x) becomes a stable P-pointed curve {C{G, i,l),x). This curve has addi- 
tional structure: to every point p e x{P) U S{G, t)sing is assigned a nonnegative 
number X{p), namely half the length of the corresponding boundary cycle (with 
respect to the componentwise unital metric defining the conformal structure) in 
case the point comes from Xoo{G) and zero else. Notice that X{p) = if x{p) lies 
on a single irreducible component of S{G,l) or if p G P and x{p) e Xq{G), and 
that the sum of the values of A on each irreducible component is 1. 

This suggests to extend the notion of a circumference function to the case of a 
stable connected P-pointed pseudosurface (S", function A : x{P)US'^j^ 

M>o which possesses these properties. So the space of circumference functions on 
{S',x) is a product of simplices (with a factor for each irreducible component). 

(9.3) Just as for smooth P-pointed curves, the datum of a cicumference function 
A on a stable P-pointed curve (C, x) permits us to go in the opposite direction: 
apply Strebel's theorem (7.6) componentwise to the normalisation {C,X). This 
determines a Jenkins-Strebel differential q on C with the properties mentioned 
there. In particular, we have a critical graph (G, I) in C which contains the zeroes 
of A. Moreover, each p e supp(A) determines (and is determined by) a boundary 
cycle of G and the length of that boundary cycle is A(p). The associated Riemann 

r^i ;^ ; j- iu. ; — ™ u;„ 
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(9.4) Let now (G, x) be a P-pointed ribbon graph. We describe how a proper 
subset of Xi{G) (or rather, strictly decreasing sequences of such) define stable 
P-pointed ribbon graphs. First two definitions. 

Let Z he a semistable set of edges of G. Recall that then every component of 
Gz that is a homotopy circle without a vertex in x{P) is necessarily a topological 
circle (and is not a boundary cycle of G). If this does not happen, i.e., if every 
component of Gz that is a topological circle contains a vertex in the image of x, 
then we say that Z is stable. It is clear that every subset Z C Xi{G) has a maximal 
semistable subset Z^^; it is a union of components of Z^^^. 

Forgetting the bivalent vertices of G^st that are in x{P) yields a ribbon graph 
with the same underlying topological space as Gz^*', we denote this ribbon graph 
by <5^st and its set of edges by Z^^. It is clear that the set of distinguished points 
of S{Gz<>^) coincides with Xoo(G^at). 

A metric on G^st determines one on G^st . 

(9.5) Let Z he a proper subset of Xi{G) and put G{Z) := G/Gz U G^st. It is 
clear that the pointing x determines an injection £ of P in the set of 0-simplices of 
G{Z). The proof of the following lemma is easy and left to the reader 

(9.6) Lemma. The set of distinguished points of G{Z) that are not in the image 
of X comes with a natural involution l so that G{Z), x and l define a stable P- 
pointed ribbon graph. The associated P -pointed stable pseudosurface S{G; Z) is 
obtained from S{G/Gz) and Gz^^ by identifying each exceptional vertex of S{G/Gz) 
with the corresponding exceptional element of XooiGz'^^) and then contracting every 
irreducible component that corresponds to a component of Gz^^^—Gz^^ ■ A conformal 
structure on G determines one on S{G,l) and turns the latter into a stable P- 
pointed curve. 

(9.7) We may of course repeat this construction for a set of edges of G^st. In 
order to be able to state this we introduce the following notions. 

A permissible sequence for (G, x) is a sequence Z, = {Xi{G) = Zo, Zi, Z2, ■ ■ . , Z^) 
such that C Z'^_ ^ and Gz^ does not contain a connected component of G^^st ^ . 

A stable metric relative such a sequence is given by a conformal structure on 
every difference G^st — Gz^^^- So this may be given by a sequence of functions 
l^ : Zf — > R> such that l^ has zero set Zi^+i («; = 0, 1, . . . ). (So I, determines 
Z..) 

The previous discussion generalizes in a straightforward way to: 

(9.8) Proposition. Let Z, be a permissible sequence for {G,x). Then the disjoint 

union of the ribbon graphs G^st /Gz,,^i (k = 0,1, . . .) is in a natural way a stable P- 
pointed ribbon graph {G{Z,), x,i). A stable metric I, relative Z, defines a conformal 
structure on S{G, Z,) and turns it into a stable P-pointed curve G{G,U). 

10. Stable limits 

In this section we fix a connected P-pointed ribbon graph (G, x). We explain 
how the stable pseudosurface associated to a permissible sequence for G arises as a 
limit of Riemann surfaces G(G, l{t)). 

(10.1) We shall use a blowing up construction in the PL-category. The basic 
construction starts out from a collection /3 of oriented edges of G that defines an 
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simplices that have a point of in their closure; this is a regular neighborhood of 
PL-homeomorphic to an open cylinder. Notice that Up — Gp has two connected 
components, one which contains the interiors of the tiles associated to the elements 
of /?; we denote that component and the other by C/^. By means of the 
barycentric coordinates of the simplices in we have defined a piecewise-lincar 
function [0, 1) which measures the distance to Gp. Let : Up [0, 1) be 

its extension by zero on Up; this is a continuous PL-function. Let {Up x M>o) be 
the closure of the graph of the function 

{u, t) e {Up - Gp) X M>o ^ [- log(l - ^p{u) : t] e P^(M) 

in Up X M>o X pi(M). The projection {Up x ]R>o) Upx ]R>o is clearly a PL- 
homeomorphism over the complement of Gp x {0} whereas the pre-image of Gp x {0} 
is Gp X {0} x [0, oo]. The strict transform of U^ x {0} resp. U^ x {0} meets 
Gp X {0} X [0, oo] in Gp x {0} x {oo} resp. Gp x {0} x {0}. So the total transform 
oi Up X {0} is a kind of thickening of Up (see the figure below). 



Fig. 5 Blowing up of an oriented cycle 

In particular, this total transform is PL-homeomorphic to Up; indeed, the pro- 
jection {Up X M>o) — > R>o is trivial. 

We glue {Up X R>q) M>o to {S{G) x M>o) - {Gp x {0}) via their common open 
subset t/gxM>o-G'/3x{0} and obtain a modification {S{G) xR>o)p S{G) xR>o. 

For e e /?, the tile x {0} lifts PL-homeomorphically to {S{G) x R>o)p. We 

apply an edge collapse to all these lifted copies and denote the result {S{G) x M>o)^. 
The pre-image of S{G) x {0} is denoted by S{G;(3). It is a pseudosurface that is 
PL-homeomorphic to the the space obtained from S{G) by contracting Gp. It 
comes with an injection of P in its regular part. 

(10.2) We now fix a proper subset Z of Xi{G) and show how S{G; Z) is obtained 
as a one-parameter degeneration of S{G). First we assume that Z is stable. We 
carry out the previous construction for each boundary cycle of Z. It is easily seen 
that these can be performed independently so that we have defined a modification 
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The crucial remark is that this projection {S{G) x M>o)^ M>o is trivial over R>o 
with fiber S{G) whereas the fiber over is canonically isomorphic to S{G; Z). 

In case Z is not stable, we first apply the preceding procedure to Z^^ and next we 
collapse the strict transforms of the tiles indexed by the oriented members of Z~Z^^ 
(a total collapse or an edge collapse, depending on whether the boundary cycle 
generated by the corresponding oriented edge is in Gz or not). The order of these 
operations can be reversed; in particular, we can first pass to G' := G/Gz-z^«* and 
the image Z' in Xi{G') (so that Z' is now semistable), then perform edge collapses 
on the tiles indexed by the oriented members of Z' — Z'^^ (these make up a union 
of circular components of Gz') and finally apply the preceding construction with 
Tj^en ^}^e fiber over can be identified with S{G] Z) as before. 

We already observed that conformal structures Iq on G/Gz and li on Gz de- 
termine a conformal structure on S{G; Z), turning it into a stable P-pointed curve 
C{G, {Iq,Ii)) whose normalization is the disjoint union of the Riemann surfaces 
C{G/GzJo) and C{Gz<^*^ ,h)- We may obtain such conformal structures by means 
of a degeneration of a family of metrics on S{G). To be concrete, let / be a metric 
on G and let for t > 0, l{t) be the metric on G which takes on an edge s the value 

tl{s) if s e Z and remains l{s) if not. We give the fiber of {S{G) x R>q)z ^>o 
over t e R>o (which is just S{G)) the corresponding metric structure (denoted mt). 
The regular part of the fiber over is given the metric structure mo defined by the 
restrictions Iq resp. /i of / to Xi{G) — Z resp. Z. This is in general not a continu- 
ous family of metrics, but for the underlying conformal structures the situation is 
different. To see this, let (pz : S{G) — > M>o be the piecewise-linear function that 
takes the value on every vertex in Gz, Uz C S{G) the set where 0^ < 1 and put 
fz := — log(l — (pz) '■ Uz IR>o- It is clear from our definition of rrit that the set 
fz<(i with metric nit is conformally equivalent to subset fz < t~^a with metric 
mi. In fact, we have 

(10.3) Lemma. Suppose that the pointing x of G has been extended to a mark- 
ing by {S, P) . Then the map ]R>o T, which assigns to t > resp. t = the 
isomorphism class of C{GJ{t)) resp. C{G, (loJi)) is continuous. 

Proof. There is no loss of generality in assuming that Gz has no negligible compo- 
nents. 

The continuity on R>o is clear. To prove continuity at we wish to invoke (2.1). 
This requires that we trivialize our family locally. At the points of S{G; Z) outside 
the exceptional set this is no problem and it is clear that relative a suitable trivialisa- 
tion the complex structures converges uniformly on compact subsets. At the points 
of S{G] Z) outside the strict transform we trivialize as follows. Choose a piecewise- 
linear retraction rz - Uz ^ Gz so that {rz,fz) defines a PL-homeomorphism h of 
Uz — Gz onto Gz x ^>o, where Gz is the disjoint union of the boundary cycles of 
Gz- Let k denote its inverse and for t > 0, let kt{p, s) = k{p, st). Then 

(p, s, t) e Gz X R>o X R>o ^ {kt{p, s), t) 

extends to a PL-homeomorphism of (5^ xR>o xR>o onto an open subset of {S{G) x 

IK>o)z so tl^^t for i = we get a PL-homeomorphism k^ of Gz x R>o onto the 
complement of the union of the strict transform of S{G) and Gz in S{G; Z). We 

™,,„j- „i „ — c — ™„i „i- .i- T J- \ n — ri V, 1 ^ J„f; ] u,, 11 
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of the given conformal structure on C(G, l{t)) under kt depends continuously on t. 
This is proved using exphcit coordinates. We leave that to the reader. 

The preceding can be iterated in an obvious way and yields: 

(10.4) Proposition. // Z, is a permissible sequence, then there is defined an 
iterated modification: 

{SiG) X R>o)z. ^ K>o- 

This fibration is canonically trivialized (relative x) overRyo with fiber S{G), whereas 
the fiber over is canonically homeomorphic to S{G; Z,). 

Suppose that the pointing x of G has been extended to a marking by {S, P). Given 
a metric I on G, let l{t) be the metric on G that on Gz^ — Gz^+i is equal to f^l 
(t > 0) and let U be the stable metric relative that is defined by the restrictions 
of I. Then the map M>o T which assigns to t E M>o resp. t = the isomorphism 
type of C{G,l{t)) resp. S{G) = C{G,l,) is continuous. 

11. Deligne-Mumford modification of the arc complex 

Let (G, x) be a connected P-pointed ribbon graph. Recall that we have defined 
the family n : C{G) — > a{G) which over the interior Conf(G) of a{G) is trivialized 
with fiber S{G). We are going to modify this family over the locus where this family 
is not locally trivial. This will also modify the base and the result will be a family 
parametrizing stable pointed pseudosurfaces with stable conformal structures. 

Let Z{G) denote the collection of stable subsets Z C Xi{G) with Gz connected. 
For I e Conf(G) and Z G Z{G), we let t:z{1) denote the unital metric on Gz 
which is proportional to l\Gz- Let a{G) be the closure of the graph of the map 
/ e Conf(G) ijizil) e Conf(Gz))z in a{G) x Ylze2{G) "^(^^z)- 

(11.1) Proposition. There is a natural bisection between the points of a{G) and 
the set of stable conformal structures on G. 

Proof Let be a sequence in Conf(G). By passing to a subsequence, we 

may assume that for every Z G Z{G), the sequence {TCz{l^^^))n converges (to /z, 
say). Write Iq for Ixi{G)j let Z{lo) be the zero set of Iq and put Zi := Z{IqY^. Notice 
that Z{Gzi) is just a subset of Z{Gz)- So for each Z G Z{Gzi) we have a function 
Iz : Z ^ [0,1] whose sum is 1. Applying this to the connected components of Gzi 
yields a function /i : Zi — > [0, 1] that on each connected component of Gz^ sums up 
to 1. We proceed with induction: if l,^ : Z^ ^ [0, 1] has been constructed, then let 
Z{Ik) be the zero set of We put Zk.+i Z{l^Y* and define l^+i ■ Z«_|_i — > [0, 1] 
by letting it on each connected component Gz of Gz«+i be equal iolz- Then Z, is 
a permissible sequence for (G, x) by construction. It comes naturally with a unital 
stable metric relative this sequence. This stable metric determines every Iz- for 
Z G Z{G), let K, be such that Gz C Gz^ and Gz 't- Gz^j^^- Then Gz is contained 
in a connected component Gz' of Gz^- Since Z (f_ Z/^^i, lz'\Z (and hence /^jZ) 
is not identically zero. It then follows that Iz is the unital metric proportional to 
Ik\Z. On the other hand, (10.4) shows that every stable metric thus arises. 

(11.2) If Z is a negligible set of edges of G, then a{G/Gz) can be identified with 
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on Z. Hence if we endow the ribbon graphs with markings, then the closed cells 
a(G, /) can be glued together to yield a modification 

A. 

It is clear that A comes with a decomposition into cells. Such a cell admits a 
description in terms of arc complexes as follows: it is of the form ctq x cri x . . . , 
where each cr«; is a cell (a product of simplices) of the arc complex associated to a 
(not necessarily connected) pointed surface (5'k,-Pk)- These pointed surfaces (and 
hence these cells) are defined inductively: (5*0, Pq) '■— {S, P) and (Jq is an arbitrary 
simplex of A. For k > 1, let S'^ be the pseudosurface obtained from S^-i by 
contracting the arcs that make up cr^-i, S'^ its normalisation, and let C 
the prc-imagc of the image of Pk-x- Let {Sk,Pk) be obtained from {S'^^P'^ by 
discarding all components that are one- or two-pointed spheres. The connected 
components of 5'^ label the factors of so that each factor is made up of arcs in 
that component. We require that these arcs connect only points of that map to 
singular points of S'^^^i. Under the projection A^ A this cell maps to ctq. 

It is possible to give a complete description of the incidence relations between 
these cells, but we omit this. 

(11.3) We shall define a family of surfaces C{G) over a{G). Let Z, be a permis- 
sible sequence for G of connected stable subsets, which we here regard as a strictly 
decreasing sequence of connected stable subsets of Xi{G), and consider the map 

Iz. : S{G) X Conf (G) ^ J] {S{G) x R>o), («, /) ^ («, l{Z,)/l{Z,_^)),. 

The closure of its graph in S{G) x a{G) x \{^>i{S{G) x IR>o)z^ is denoted by 

(5(G) xa(G));.. 

Similarly, we denote the closure of the graph of 

Conf(G') ^ W M>o, I ^ {l{Z,)/l{Z^_^)), 

in a{G) x nK>i ^>o by 0'{G)z ■ Since the functions l{Zi^)/l{Zf^_i) extend contin- 
uously to a{G), this is a quotient of a{G). We have a projection 

(<5(G)xa(G))';.^a(G)';.. 

Any fiber over a point of a{G)z that has all its coordinates in Y[k>i ^>o equal to 
zero is isomorphic to S{G; Z,). 

We do this for all such sequences simultaneously. To be precise, let 2,{G) be 
the collection of strictly decreasing sequences of connected stable subsets of Xi{G), 
and consider the map 

/ = (Iz.) : S{G) X Conf(G) ^ J] H^'^^^) ^ ^>o)- 

Z, K>1 

The closure of its graph in 

a{G)xl[l[iS{G)xR>o)z^ 

Z, K>1 

is denoted C{G) and the projection of C{G) onto a{G) by ttg- The preceding 
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(11.4) Proposition. ///, is a stable metric with associated permissible sequence 
Zu, then the fibre TTQ^{lt) is naturally homeomorphic to S{G; Z,). 

We endow the fiber 7r^^(Z,) with the conformal structure prescribed by the stable 
metric I, so that ttg defines a family of stable P-pointed stable curves. 

For marked ribbon graphs this construction is compatible in the sense that if 
Z C Xi{G) is negligible, then t^'g/Gz '■ ^(G/Gz) a{G/Gz) can be identified with 
the restriction of ttq over a{G/Gz)- We may therefore glue these maps to each 
other to get a family tt : C — > A of stable P-pointed curves. Each fiber of tt maps 
to a fiber of tt, so that we have a commutative diagram 



A > A 

of spaces with F-action. We have also have a classifying map that extends 

$ : i ^ X. 

It is clearly F-equi variant. Our second main result reads as follows: 

(11.5) Theorem. The map ^ : A ^ % is a T-equivariant continuous surjection. 
The pre-image of the class of a marked stable P-pointed curve (C, [/]) under ^ can 
be identified with the space of circumference functions (9.2) of (C^x). In particular, 
$ drops to a continuous surjection of T\A onto the Deligne-Mumford compactifi- 
cation 9Jl^. 

Proof. Let (C, [/]) be as in the theorem. The construction described in (9.3) pro- 
duces for every circumference function of (C, x) a marked ribbon graph (G, /) plus 
a stable metric /, on G which reconstructs (C, [/]) for us. This defines an element 
of a{G, f) and one verifies that its image in A is unique. 

It remains to show that ^ is continuous. It is enough to prove that its restriction 
to every closed cell a{G, /) is. Since a{G, /) is second countable and 1 is Hausdorff, 
we only need to verify that the image of a converging sequence {li^^)n in o,{G, f) 
under $ has a limit point. Then after passing to a subsequence we may assume 
that )n is in the relative interior of a single cell, say of a{G,f). The desired 
property then follows from (2.1) as in the proof of (10.3). 

We can now finish the proof of our first main result, too. 

Proof of (8.6). The map ^ and the projection A — > A — > Ap together define a map 
from A to T X Ap. If we compose the latter with the quotient map X x Ap — > l-^**^! 
we get a map : A ^ The theorem above implies that the fibers of ^' and 

the fibers of A — > A coincide. The induced bijection A — > \K,%\ is just \E'. Since A 
has the quotient topology for the projection A — > A, it follows that ^ is continuous. 
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